SOME RESULTS ON ZEROS DISTRIBUTIONS AND 

UNIQUENESS OF DERIVATIVES OF DIFFERENCE 

POLYNOMIALS 

■ KAI LIU, XINLING LIU, TINGBIN CAO 

(N 

Abstract. We consider the zeros distributions on the derivatives of difference 
^J , polynomials of meromorphic functions, and present some results which can be 

seen as the discrete analogues of Hayman conjecture [S], also partly answer 
|/~v ' the question given in |18l P448]. We also investigate the uniqueness problems 

of difference-differential polynomials of entire functions sharing one common 

value. These theorems improve the results of Luo and Lin llSI and some results 
^^ 1 of present authors |15[ . 
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1. Introduction 



In this paper, a meromorphic function / means meromorphic in the complex 

plane. If no poles occur, then / reduces to an entire function. Throughout of 

this paper, we denote by p{f) and P2(/) the order of / and the hyper order of / 

pf-s ' [101 126) . In addition, if / — a and g — a have the same zeros, then we say that / and 

f~^ , g share the value a IM (ignoring multiplicities) . If / — a and g — a have the same 

C"*^ ' zeros with the same multiplicities, then / and g share the value a CM (counting 

^^ I multiplicities). We assume that the reader is familiar with standard symbols and 

t~^ ■ fundamental results of Nevanlinna Theory [9j [TOl [26] . 

O ! 

Given a meromorphic function f{z), recall that a{z) ^ 0,oo is a small function 

with respect to f{z), if T{r,a) = S{r,f), where S{r,f) is used to denote any 

quantity satisfying S'(r, /) — o{T{r,f)), and r — )► oo outside of a possible exceptional 

set of finite logarithmic measure. 

;_( ' The following result is related to Hayman conjecture [H Theorem 10] which has 

5r 1 been considered in several papers later, such as pil^lTS]. 

Theorem A. [2] Theorem 1] Let / be a transcendental meromorphic function. If 
n > 1 is a positive integer, then /"/' ~ 1 has infinitely many zeros. 

Remark that [/"+i]' = (n + 1)/"/' in Theorem A, Chen [5], Wang and Fang 
[221 123] improved Theorem A by proving the following result. 

Theorem B. Let / be a transcendental entire function, n, k be two positive integers 
with n> k + 1. Then (Z")*-''-* — 1 has infinitely many zeros. 
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Laine and Yang [U, firstly investigated the zeros of /(z)"/(z + c) and proved 
the following result. 

Theorem C. Let / be a transcendental entire function of finite order and c be 
nonzero complex constant. If n > 2, then /(z)"/(z + c) — a has infinitely many 
zeros, where a G C\{0}. 

Recently, some papers are devoting to improve Theorem C, the constant a can be 
replaced by a nonzero polynomial |12j or by a small function a{z) |15| . In addition, 
[T51 [HI [T51 \T7\ are devoting to the cases of meromorphic function / or more general 
difference products. In the following, without special stated, we assume that c is a 
nonzero constant, n, to, fc, s, t are positive integers, a{z) is a nonzero small function 
with respect to f{z). Let P{z) ~ Unz" + a„_i2:"~^ + • • • + aiz + oq be a nonzero 
polynomial, where ao,ai, ... ,0^(7^ 0) are complex constants and t is the number 
of the distinct zeros of P{z). Recently, Luo and Lin investigated more generally 
difference products of entire function and obtained the following result. 

Theorem D.[T8l Theorem 1] Let / be a transcendental entire function of finite 
order. For n > t, then P{f)f{z + c) — a{z) has infinitely many zeros. 

Firstly, we give the following remark to show that the condition n > t in Theorem 
D is indispensable which is not given in [181 . 

Remark. If n = t == 1, Theorem D is not true, which can be seen by the function 

f{z) — e^ + 1, e'^ = —1, hence f{z)f{z + c) — 1 — — e^^ has no zeros. 

li n = t = 2, Theorem D also is not true, which can be seen by function f(z) = 

^ + 1, e^ = -1, Piz) = (z + ^i±^)(z + ^i^), thus, P{f)f{z + c)-l = ^ 
has no zeros. 

In fact, for any natural number n — t, we can construct an counterexample 
to show Theorem D is not true by function f{z) = ^ + 1, e"^ = —1, P{z) = 
(z — 1 — -J-) • • • (z — 1 — -j-^ — ), where di j^ l,i ^ 1,2, .. .n — 1 are the distinct zero 
of z" — 1 = 0, thus, we get P{f)f{z + c) — 1 — -^ has no zeros. 

As the improvement of Theorem B, it is interesting to investigate the zeros 
of derivatives of difference polynomials. The present authors |15l Theorem 1.1, 
Theorem 1.3] have considered the zeros of [/"/(•z + c)]*-'''' and [/"Ac/]*-*^-*, the results 
can be stated as follows. 

Theorem E. Let / be a transcendental entire function of finite order. If n > 
k + 2, then [/(z)"/(z + c)]^''^ — a{z) has infinitely many zeros, li n > k + 3, then 
[/(z)"Ac/]^'^-' — a{z) has infinitely many zeros, unless / is a periodic function with 
period c. 

In this paper, we continue to investigate the zeros of derivatives of difference 
polynomials with more general forms and obtain the following results as the im- 
provements of the Theorem D and Theorem E. 

Theorem 1.1. Let f be a transcendental entire function of p2{f) < 1. For n > 
t{k + 1) + 1, then [P{f)f[z + c)]^'^' — a{z) has infinitely many zeros. 

Remark. (1). Theorem 11.11 is an improvement of Theorem E of the case i = 1 
and an improvement of Theorem D of the case fc = 0. 
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(2). Theorem 11.11 is not valid for entire function with p2{f) — 1, which can be 
seen by f{z) = e'^ , P{z) = z", k > 1, ef = —n, a{z) is a nonconstant polynomial, 
thus [P{f)f{z + c)]'^'^^ — a{z) — —a{z) has finitely many zeros. 

(3). The condition of a{z) ^ can not be removed, which can be seen by 
function f{z) = e^ , P{z) = z", e" = -1, then [P{J)f{z + c)\^^'i = ~{n + lfe^'^+^> 
has no zeros. 

Theorem 1.2. Let f he a transcendental entire function of p2{f) < 1, not a 
periodic function with period c. If n > (i + l)(fc + l) + l, then [f{zY''{I^cfY] o-{z) 

has infinitely many zeros. 

Remark. The condition of a{z) ^ can not be removed in Theorem 11.21 which 
can be seen by function f{z) — e^, P(z) = z" e^ = 2, then [P(f)/S.cf]^^^ — 
(n + i)'=e^"+^^^ has no zeros. 



For the case of transcendental meromorphic functions of Theorem 11.11 and The- 
orem [T21 we obtian the next results. 

Theorem 1.3. Let f be a transcendental meromorphic function of p2{f) < 1- For 
n > t{k + 1) + 5, then [P[f)f{z + c)]^''' — a{z) has infinitely many zeros. 



Remark. Theorem 11.31 also partly answer the question raised by Luo and Lin [181 
P. 448]. 

Theorem 1.4. Let f be a transcendental meromorphic function of p2{f) < 1. For 
n> (t + 2){k + I) + 3 + s , then [P(/)(Ac/)^]^'^-' — a{z) has infinitely many zeros. 

Corollary 1.5. Let P{z),Q{z)^ H{z) be nonzero polynomials. If H{z) is a non- 
constant polynomial, then the nonlinear difference- differential equation 

(1.1) [P{f)f{z + c)]('-) - P{z) = g(z)e^(^) 

has no transcendental entire (meromorphic) solution of p2{f) < 1, provided that 
n > t(k + 1) + 1 (n > t{k + 1) + 5). // II{z) is a constant, then hLl]) has no 
transcendental entire solutions of p2{f) < 1, and U.l]) has no transcendental mero- 
morphic solutions of p2{f) < 1 provided that n>2. 

Corollary 1.6. Let P{z),Q{z),H{z) be nonzero polynomials. If H{z) is a non- 
constant polynomial, then the nonlinear difference- differential equation 

(1.2) [P(/)(A,/)^]('=) - P{z) = Q(z)e^(^) 

has no transcendental entire (meromorphic) solution of P2{f) < 1, provided that 
n > {t + l)(fc + 1) + s + 1 {n > {t + 2)(fc + 1) + 3 + s). // H{z) is a constant, 
then JLS^) has no transcendental entire solutions of p2{f) < 1, and iL2\) has no 
transcendental meromorphic solutions of p2{f) < 1 provided that n > 5, unless f is 
a periodic function with period c. 

About the uniqueness of difference products of entire functions, some results can 
be found in [TH [TSl HH [HI HH HZ] . The main purpose is to obtain the relationships 
between / and g when P{f)f{z-\-c) and P{g)g{z-\-c) sharing one common value. In 
fact, two special types P{z) = z" and P{z) — z^'^{z"^ — 1) always be considered. Luo 
and Lin [HI Theorem 2] also considered the general case of P{z). Corresponding 
to the above theorems of this paper, it is necessary to consider the uniqueness 
of derivative of difference polynomials sharing one common value. The present 
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authors [HI Theorem 1.5] have considered the uniqueness about [/"/(•2 + c)]^'^^ and 
[g"g(z + c)]*^*^' sharing one common value, the result can be stated as follows. 

Theorem F. Let f{z) and g{z) be transcendental entire functions of finite order, 
n>2k + 6. If [/(z)"/(z + c)]^^) and [5(z)".g(z + c)]('=) share the value 1 CM, then 
either f{z) = cie^^, g{z) = 226^*^^, where ci,C2 and C are constants satisfying 
(-l)'=(ciC2)"[(n + 1)C]2'= = 1 or f = tg, where i"+i = 1. 

In this paper, we consider the entire functions of P2(/) < 1 and get the following 
theorems. 

Theorem 1.7. Let f(z) and g{z) be transcendental entire functions of p2{f) < 1, 
n>2k + m + 6. If [/"(/™ - l)/(z + c)]('=) and [g"(g'" - 1)5(2 + c)]('=^) s/iare i/ie 
waZue i CM, then f = tg, where t"+i = t'" = 1. 

Theorem 1.8. The conclusion of Theorem \1.7\ is also valid, if n > 5k + Am + 12 

and [/"(/™ - l)f{z + c)]^^) and [g^ig"" - l)g{z + c)]('=) share the value 1 IM. 

2. Some Lemmas 

For a finite order transcendental meromorphic function /, the difference loga- 
rithmic derivative lemma, given by Chiang and Feng 4, Corollary 2.5], Halburd and 
Korhonen [5j Theorem 2.1], [71 Theoem 5.6], plays an important part in consider- 
ing the difference Nevanlinna theory. Afterwards, R. G. Halburd, R. J. Korhonen 
and K. Tohge improved the condition of growth from finite order to P2{f) < 1 as 
follows. 

Lemma 2.1. [51 Theorem 5.1] Let f he a transcendental meromorphic function of 
P2{f) <l,<;<l,eJsa enough small number. Then 

for all r outside of a set of finite logarithmic measure. 

Lemma 2.2. 6, Lemma 8.3] Let T : [0, +00) — s> [0,+cxd) be a non- decreasing 
continuous function and let s E (0, 00). // the hyper order of T is strictly less that 
one, i.e., 

(2.2) limsupi^^i^^^i^=.<l, 

r^oo log r 

and (5 G (0, 1 — <r), then 

(2.3) Tir + s)^T{r)+o(^^ 

for all r runs to infinity outside of a set of finite logarithmic measure. 

Thus, from Lemma |2.2[ we get the following lemma. 

Lemma 2.3. Let f{z) be a transcendental meromorphic function of p2{f) < 1. 
Then, 

(2.4) T{rJ{z + c))^T{r,f) + S{rJ) 
and 

(2.5) N{rJ{z + c)) = N{rJ) + S{rJ), N (r, \ ) ^ N{r,^) + S{rJ). 

\ f{z + c)J f 
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Combining the method of proof of J18l Lemma 5] with Lemma 12.11 we can get 
the following Lemma [23]-Lemmg[2?7l 

Lemma 2.4. Let f{z) be a transcendental entire function of p2{f) < 1. If F ~ 
P{f)f{z + c), then 

(2.6) T{r, F) = T{r, P{f)f{z)) + 5(r, f) = {n + l)T{r, f) + S{r, /). 

Lemma 2.5. Let f{z) be a transcendental meromorphic function of p2{f) < 1- // 
F = P{f)f{z + c), then 

(2.7) (n - l)T{r, /) + S{r, f) < T{r, F) < {n + l)T{r, /) + S{r, /). 
Proof Since F{z) = P{f)f{z + c), then 

^ ■ ^ P{f)f F f{z) ■ 

Using the first and second main theorem, Lemma 12.11 and the standard Valrion- 

Monko's theorem ^U\, from (P^ . we get 

{n + l)T{r, f) < T{r, F{z)) + T{r, ^J^) + 0{1) 

< T{r, F{z)) + m{r^ ^J^) + ^(^ ^J^^ + ^(1) 

< T{r, F{z)) + iV(r, ^-^J^) + S{r, f) 

(2.9) <T{r,F(z)) + 2T{r,J) + S{rJ), 

hence, we get T{r,F) > {n - l)T{r,f) + S{r,f). It is easy to get T{r,F) < 
(n + l)T(r, /) + S{r, /). Thus, ^ follows. D 

Remark. The inequality (|2.7I) can not be improved by the following two examples. 

If f{z) = tanz, P{z) = z", Ci = f , then 

T{r, P{z)f{z + ci)) = - tan"-i z = {n - l)T{r, f) + S{r, J). 
If f{z) — tanz, P{z) — z", C2 — tt, then 

T{r, P{z)f{z + C2)) = tan"+i z = {n + l)T{r, f) + S{r, /). 
Lemma 2.6. Let f{z) he a transcendental entire function of p2{f) < 1. Then, 

(2.10) nT{r, f) + 5(r, /) < T{r, P{f)[f{z + c) - f{z)Y) < (n + s)T{r, f) + 5(r, /). 

Remark. The inequality (|2.10p can not be improved by the following two examples. 
If /(z) = e^ e= = 2, then 

T{r, f{znf{z + c) - f{zW) = T{r, e("+^)^) = {n + s)T{r, /) + 5(r, /). 

If /(z) = e^ + z, c = 27ri, then 

r(r, /(z)"[/(z + c) - /(z)^]) = r(r, (27ri)1e^ + z]") = nr(r, /) + 5(r, /). 

Lemma 2.7. Let /(z) &e a transcendental meromorphic function of p2{f) < 1- 

Then, 

(2.11) 

[n - s)T{r, f) + Sir, /) < T{r, P{f)[f{z + c) - f{z)Y) < (n + 2s)T(r, /) + S{r, /). 
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The following lemma is needed for the proof of Theorem 11.71 For the ease of 
k — 0, m — 1, f and g are transeendental entire functions of finite order, the proof 
can be found in [571 The proof of Theorem 6] . 

Lemma 2.8. Let f and g be transcendental entire functions of p2{f) < 1, and c 
be a nonzero constant. If n > m + 5 and 

(2.12) [/"(/'» - l)/(z + c)]('=) = [5"(5™ - l)g{z + c)]«, 

then f ^ tg, and i"+i = i" = 1. 

Proof From (I5j51) . we get /"(/™ - l)f{z + c) = g'^ig"' - l)g{z + c) + Q{z), where 
Q{z) is a polynomial of degree at most fc — 1. If Q{z) ^ 0, then we have 

/"(/'"- 1)/(^ + c) ^ g"(g'"-i)g(^ + c) 

Q(z) Qiz) ^ ■ 

From the second main theorem of Nevanlinna and Lemma 12. 4| we have 

(n + m + l)T{r, f) - T{r, ^"^^^ Q(^if ^ '^ ""^ ) + ^(^' -^^ 



Q(z) ' ^ '/"(/™-l)/(^ + c)' 

5r"(5™-l).g(z + c) 



/"(/"-I)' "f{z + c)' ^'g"(g™-l)^ 

+iV(.,-^) + 5(.,/) 
(2.13) < {m + 2)T{rJ) + {m + 2)T{r,g) + S{rJ) + Sir,g). 

Similarly as above, we have 

(n + TO + l)T(r, 5) < (m + 2)T(r, /) + (to + 2)T(r, 5) + 5(r, /) + 5(r, g). 

Thus, we get 

(n + TO + l)[T(r,/)+T(r,5)]<2(TO + 2)[T(r,/) + r(r,g)]+5(r,/) + 5(r,5). 

which is a contradiction with n > to, + 5. Hence, we get P{z) = 0, which implies 
that 



(2.14) /"(/" - l)f{z + c) = .9"(.9" - l)9{z + c) 



Let G{z) — ^^- Assume that G{z) is nonconstant. From p.l4p . we have 



(2.15) gizT^ GizrGiz + c)-l 



G(z)"+"G(z + c)-l' 
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If 1 is a Picard value of G(z)"+'"G(z + c), then applying the second main theorem, 
we get 



T{r, G'^+"'G{z + c)) < 7V(r, G''+'''G{z + c)) + N{r, 



G''+"^Giz + c) 



+ N{r, ^ ^ ^} ^ -) + 5(r, G) 

< 2T{r, G{z)) + 2T{r, G{z + c)) + S{r, G) 

(2.16) < 4r(r,G(z)) + 5(r,G). 

Combining (P?TC| with Lemma [^31 we have [n + m - l)T{r,G) < AT{r,G{z)) + 
S{r, G), which is a contradiction with n > m + 5. Therefore, 1 is not a Picard value 
of G(z)"+'"G(z + c). Thus, there exists zq such that G(zo)"+"G(zo + c) = 1. The 
following, we may distinguish two cases. 

Case 1. G(z)"+™G(z + c) ^ 1. From (|2.15l) and g(z) is an entire function, then 
we get G(zo)"G(zo + c) = 1, thus G(zo)™ = 1- Therefore, 

(2-17) Nir, an.^Giz + c)-l ^ ^ ^(^' G^) ^ "^^(^' ^) + ^(^' ^)- 
By (I2.17P and Lemma 12.31 applying the second main theorem, we get 

T{r, G^+^G{z + c)) < N{r, G-+"^G{z + c)) + N{r, ^^+„,^^^^^^ ) 

(2.18) +^(-' G»+-G(z + c)-l ) + ^('^'^) 

< (to + 2)r(r, G(z)) + 2r(r, G(z + c)) + 5(r, G) 
<(TO + 4)r(r,G(z)) + 5(r,G). 
On the other hand, we have 

{n + m)T{r, G) = T{r, G"+"') 

< T(r, G"+'"'G{z + c)) + T{r, G(z + c)) + 0(1) 

(2.19) < (m + 5)r(r, G(z)) + 5(r, G), 

which contradicts n > ttt, + 5 > 6. 

Case 2. G(z)"+™G(z + c) = 1, thus, 

(n + TO)T(r, G) = r(r, G(z + c)) + 5'(r, G) 

(2.20) =r(r,G(z)) + 5(r,G), 

which also is a contradiction with n > m+5. Thus, G must be a constant and /(z) = 
tg{z), where i is a non-zero constant. From /"(/™ — l)/(z-|-c) = g'^{g'^ — l)g{z + c), 
we know that t™ = 1 and i"'^^ — 1, n,m are positive integers. D 

The following result is related to the growth of solutions of linear difference 
equation and is needed for the proof of Lemma I2.10| was given by Li and Gao [171 
Theorem 2.1]. Here, we give the version with small changes of the type of equation 
(12.211) . the proof are similar. 

Lemma 2.9. Let ao{z) , ai{z) , ■ ■ ■ ,a„(z),fe(z) be polynomials such that a(){z)an{z) ^ 
0, let Cj be constants and 

deg( Yl "j) = '^' 

dcg aj — (i 
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where d = maxo<j<n{degaj}. If f{z) is a transcendental meromorphic solution of 

n 

(2.21) ^a,(z)/(z + c,) = 6(z), 

then p{f) > 1. 

Lemma 2.10. If n > k + 1, then there are no transcendental entire functions f 
and g with hyper order less than one, satisfying 

(2.22) [/"(/'" - l)/(z + c)]^^) • L9"(.g™ - l)g{z + c)] « = 1. 

Proof. Assume that / and g satisfy (|2.22p and / and g are transcendental entire 
functions of hyper order less than one. Since n > k + 1, from (I2.22p . we get / and 
g have no zeros. Thus, f{z) = e''^^^ and g{z) = e''(^\ where b{z),d{z) are entire 
functions with order less than one. Thus, substitute / and g into (I2.22[) . we get 

Let (n + m)b{z) + b{z + c) = Bi{z), nb{z) + b{z + c) = B2{z) and {n + m)d{z) + 
d{z + c) = Di{z), nd{z) + d{z + c) = Di{z). 

If fc = 1, we have 

[Bi(z)e-^i(^) -B^(z)e-^^(^)][i:'i(0)e-°i(") -i:'^(z)e-°^(^)] = 1, 

which implies that e^^^^^ [Bi(z)e^i(^)-^^(^) -B'^iz)] has no zeros. If B'^ ^ 0, remark 
that is the Picard exceptional value of ^b-i_(z)~B2{z) ^ then we get B'2{z) must be 
zero, thus B2 must be a constant. From Lemma 12.91 and nb{z) + b{z + c) = B2, we 
get p{b{z)) > 1, thus P2{f) > 1, which is a contradiction. If B[ = 0, then Bi must 
be a constant, which also induces that p2{f) > 1, a contradiction. 

If fc = 2, by calculation, then we have e^^-^''\{B'{{z) + B'^{z))e^^^''^-^^(''^ - 
{B'^{z) + B'iiz))] has no zeros. If B'( + Sf ^ 0, then B'^ + B'^ = 0. If B2 is 
transcendental entire, then we get 

m(r,B^)=TO(r,:^)-5(r,i?^), 
B2 

which is a contradiction with B2 is transcendental entire. If ^2 is a polynomial, from 
Lemma [2. 9[ which also induces that P2{f) > 1, a contradiction. If B'l + B'^ = 0, 
similar as above, we get a contradiction. For any k > 2, using the similar method 
as above, we can get the proof of Lemma [2.101 D 

Let p be a positive integer and a G C. We denote by Np{r, jz^) the counting 
function of the zeros of / — a where an m-fold zero is counted m times if to < p 
and p times if to, > p. 

Lemma 2.11. Let f be a nonconstant meromorphic function, and p,k be positive 
integers. Then 

(2.23) T{r, f^'^y) < T(r, f) + kJi{r, f) + S{r, f). 

(2.24) iVp(r, -^) < T{r, f^^'^) - T{r, f) + N^+.ir, j) + 5(r, /), 

(2.25) N,ir, -^) < kWir, f) + Kp+^Cj) + S{r, /), 
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Lemma 2.12. |;25l Lemma 3] Let F and G be nonconstant meromorphic functions. 
If F and G share 1 CM, then one of the following three cases holds: 

(i) max{T(r,F),r(r,G)} < N2ir, ^)+N2{r,F)+N2ir, ^)+N2{r,G)+Sir,F) + 

S{r,G), 
(ii) F^G, 
(iii) F-G = l. 

For the proof of Theorem 11.81 we need the following lemma. 

Lemma 2.13. [241 Lemma 2.3] Let F and G be nonconstant meromorphic functions 
sharing the value 1 IM. Let 

F" F' G" ^ G' 
H = 2 — + 2- 



F' F-1 G' G-1 
IfH^O, then 

T{r,F) + T{r,G) < 2 (N2{r, 1) + N2{r,F) + N^ir, i) + N2{r,G) 

+ 3 (Wir, F) + N{r, ^) + N{r, G) + N{r, ^) 
(2.26) + S{r,F) + S{r,G). 

3. Proofs of Theorem 11.11 and Theorem 11.21 

Let F{z) — P{f)f{z + c). From Lemma [^^ we know that F{z) is not a constant, 
and S{r,F) = S'(r,i^('=)) = S{rJ) follows. Assume that F(z)('=) - a{z) has only 
finitely many zeros, combining the second main theorem for three small functions 
[21 Theorem 2.5] and (|2.24p with / is a transcendental entire function, then we get 

T{r, F^'-)) < N{r, F^'^'>) + N{r, -^) + N{r, ;^^iy^^) + S{r, F^^)) 

(3.1) < r(r,FW) - T{r,F) + Nk+i{r, ^) + 5(r,F«). 

r 

Combining (|2.7p with p.ip . it implies that 

{n+l)T{r,f) + S{r,f) - r(r, F) < 7V,+i(r, i) + 5(r, /) 

< t{k + l)N{r, -) + 7V(r, \ ) + Sir, f) 

f fyz + c) 

(3.2) <[t{k + l) + l]T{r,f) + S{r,f), 

which is a contradiction with n > t{k + 1) + 1. Thus, Theorem 11.11 is proved. Set 
G{z) = P{f)[AcfY. If G(z)*^''-' —a{z) has only finitely many zeros, using the similar 
method as above, from Lemma |2.6[ then we get 

nT{r, f) + S{r, f) < T{r, G) < Nk+i{r, ^) + Sir, f) 

< t{k + l)N{r, -) + {k + l)N(r, \ ) + S{r, f) 

(3.3) < (i + l)(fc + l)T(r,/) + 5(r,/), 
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which is a contradiction with n > {t + l)(fc + 1) + 1. Thus, we get the proof of 
Theorem O 

4. Proofs of Theorem 11.31 and Theorem 11.41 

Let F{z) — P{f)f{z + c). From Lemma [^31 we know that F{z) is not a constant, 
and S{r,F) = S{r,F(''^) = S{rJ) fohows. Assume that F(z)('=' - a{z) has only 
finitely many zeros, combining the second main theorem for three small functions 
[HI Theorem 2.5] and (I2.24p with / is a transcendental entire function, then we get 

r(r, F^'^)) < N{r, i^('=)) + ]V(r, -^) + ]V(r, j^^y^^^) + Sir, F^'^y) 

< Nir, f) + ]V(r, f{z + cj) + iVi(r, -^) + ]V(r, -^^^^1-^) + S{r, F^^^) 

(4.1) < 2r(r,/) + r(r,FW)-r(r,F) + 7Vfc+i(r,l) + 5(r,FW). 
Combining ()2.7p with (|4.ip . it implies that 
(n - l)T(r, /) + 5(r, /) < T{r, F) < 2T(r, /) + iVfc+i(r, |) + S{r, f) 

< t{k + l)]V(r, i) + iV(r, „, \ . ) + 2T(r, /) + 5(r, /) 

(4.2) < [i(fc + l) + 3]r(r,/) + 5(r,/), 

which is a contradiction with n > t{k + 1) + 5. Thus, Theorem 11.31 is proved. Set 
G(z) = P{f)[AcfY. If G{z)'^^^ ~(^{z) has only finitely many zeros, using the similar 
method as above, from Lemma 12.61 then we get 

(n - s)T{r, f) + S{r, f) < T{r, G) < 2T{r, f) + Nk+i{r, i) + S{r, /) 

< 2T(r, /) + t{k + l)iV(r, i) + (fc + l)lV(r, „, ^ | „. J + S{r, f) 

(4.3) < [{t + 2)(fc + 1) + 2]r(r, /) + S{r, /), 

which is a contradiction with n > (t + 2)(fc + 1) + 3 + s. Thus, we get the proof of 
Theorem 11.41 

5. Proof of Theorem 11.71 

Let F = [/"(/" - l)/(z + c)](''^), G = [5"(5™ - l)g(z + c)]('=). Thus F and G 
share the value 1 CM. From (|2.23l) and / is a transcendental entire function, then 

(5.1) r(r, F) < T{r, r{r - l)f{z + c)) + S{r, P(f)f(z + c)). 

Combining dH]) with (EH), we have S{r,F) = S{rJ). We also have S{r,G) = 
S{r,g) from the same reason as above. From (|2.24p . we obtain 

^'^'' F^ ^ ^' V ' [/"(/" -l)/(z + c)]W , 

<r(r,F)-T(r,,r(,r-l)/(z + c)) 

(5-2) +^^+^(-^ ;„(;^,i);(, + ,) ) + ^('-./)- 
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Thus, from Lemma [2.41 and (|5.2|) . we get 

(n + m + l)T(r, /) = T(r, /"(/" - l)/(z + c)) + 5(r, /) 
(5.3) < T(r, F) - iV,(r, 1) + N.^r, ^,,^^.^ _\^^^^ ^ ^^ ) + S{r, /). 

From (|2.25p . we obtain 

< (fc + 2)iV(r, j) + iV(r, ^:;;^) + N{r, J^^) + S{r, f) 
(5.4) < (fc + m + 3)r(r,/) + 5(r,/). 

Similarly as above, we obtain 

^n + m + l)T{r,g) < T{r,G) ^ N2{r, ^) 

(5-5) + Nk+2{r, „, „ !w ^ + S{r, g)- 

and 

(5.6) N2{r, 1) < (fc + m + 3)T(r, g) + 5(r, .g). 
If the (i) of Lemma [2.121 is satisfied, implies that 

max{T(r,F),r(r,G)} < N2{r, ^) + N2{r, i) + S{r,F) + S{r,G). 
Thus, combining above with ()5.3p - (|5.6p . we obtain 
(n + m + l)[T(r,/) + r(r,g)] < 2N,+2{r, j^^^j^^^^^jj^^—^) 

+ ^^^"-^ S"(g— iM^ + c) ) + ^(-'^) + ^(-'^^ 

(5.7) < 2ik + m + 3)[Tir,f) + T{r,g)] + SirJ) + Sir,g), 

which is a contradiction with n > 2k + m + 6. Hence, _F = G or i^ • G = 1. From 
Lemma [2.81 and Lemma [2.101 we get / = tg for t™ ~ i"+^ = 1. Thus, we get the 
proof of Theorem 11.71 



6. Proof of Theorem 11.81 

Let F = [/"(/™ - l)/(z + c)]W, G = [g"(g™ - 1)5(2 + c)]W. We wiU show that 
i^^G or i^-G = l under the conditions of Theorem 11.81 Assume that H ^ 0, 
from (|2.26p . we get 

T{r, F) + r(r, G) < 2 (^iV2(r, 1) + N2{r, 1)) + 3 (^lV(r, j) +N{r, 1) 
(6.1) + 5(r,F)+5(r,G). 
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Combining above with ()5.3p ~ (|5.6|) and ()2.25|) . we obtain 

{n + m+l){T{T,f)+T{T,g)) < T{r,F) + T{r,G) + Nk+2{r, fn(^frn _\)f^, + ,) ) 

+ 3 (^F(r, |) + lV(r, 1)^ + 5(r, /) + 5(r, g) 

< (5fc + 5m + 12) [T(r, /) + T{r, g)] + S{r, f) + S{r, g), 

which is a contradiction with n > 5A: + 4r7?,+ 12. Thus, we get H = 0. The following 
proof is trivial, the original idea is devoting to Yang and Yi [26;. Here, we give the 
complete proof. Integrating H twice, we obtain 

{b+l)G+{a-b-l) _ {a-b-l)-ia-b)F 
^ ' bG+{a^b) ' Fb-ib+l) 

which implies that T{r, F) — T{r, G) + 0(1). We divide into three cases as follows: 
Case 1. b^Q,-\. If a - 6 - 1 7^ 0, then by ^^, we get 

(6.3) N(^r,^)^N(r, ^ ^_^_^ j . 

By the Nevanlinna second main theorem, (j2.24p and p.25p . we have 
(n + m + l)T(r, g) < T{r, G) + N,{r, g,.^^g,r. _\)g^, ^ ,) ) - N{r. ^) + S{r, g) 

<Nk{r, ^ \ ) + n(t \_^_A +S{r,g) 

gn(^g,n _ l^gl^^ ^ c) V ^^ ^ ^+1^ J 

(6.4) < (fc + m + l)r(r,(7) + (fc + m + 2)T(r,/) + 5(r,/) + 5(r,5). 
Similarly, we get 

{n + m + l)r(r, /) < (fc + m + l)T{r, f) + {k + m + 2)T{r, g) + 5(r, /) + 5(r, g). 
Thus, from (|6.4p and above, then 

(n + m + 1) [r(r, /) + T{r, g)] < {2k + 2to + 3) [T{r, f) + T{r, g)] + S{r, f) + 5(r, g), 
which is a contradiction with n > 5fc + Am + 12. Thus, a — fe — 1 = 0, then 

Since i^ is an entire function and (|6.5p . then A^(r, ^r^) = 0. Using the same 
method as above, we get 

(„ + m+l)r(r,.,) < Tir,G) + N,{r,-;:^-;;^-L——)-N{r.^) + S{r,g) 

(6.6) < (fc + m + l)T(r,g) + 5(r,5), 

which is a contradiction. 



ZEROS DISTRIBUTION AND UNIQUENESS OF DERIVATIVES OF DIFFERENCE 13 

Case 2. 6 = 0, a / 1. From ()6.2|) . we have 

(6.7) F=^ + "-\ 

a 

Similarly, we also can get a contradiction, Thus, a = 1 follows, it implies that 

F = G. 

Case 3. 6=— 1, a^— 1. From ()6.2|) . we obtain 

a 



F = 



a + l-G 

Similarly, we can get a contradiction, a = — 1 follows. Thus, we get F ■ G — 1. 
From Lemma HH] and Lemma B.lOi we get f — tg for t™ = i"+^ = 1. Thus, we get 
the proof of Theorem 11.81 

7. Discussions 

In this paper, we investigated the uniqueness of derivative of difference polyno- 
mial of entire functions. It is an open question under what conditions Theorem II. 71 
holds for meromorphic functions with p2{f) < 1- In addition, if [f'^if™' — l)Ac/]*-'^-' 
and [g"'{g™' — l)Acg]'''^-' share one common value, we believe that f = tg for 
t™ = f"+^ = 1. Unfortunately, we have not succeed in proving that. 
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